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Gross-Entrainment Behavior of Turbulent Jets Injected
Obliquely into a Uniform Cross� ow

Donghee Han, ¤ V. Orozco,† and M. G. Mungal‡

Stanford University, Stanford, California 94305-3032

Turbulent jets injected at various inclinations into a uniform cross� ow have been studied using Mie-scattering
� ow visualization and image-processing techniques. Injection angles ranging from ¡ 45 to 45 deg from the nor-
mal direction to the cross� ow have been studied for the square root of momentum ratio ranging from 5 to 20.
Instantaneous and ensemble-averaged images were obtained for each jet con� guration, and their centerline tra-
jectories were determined. A skewed coordinate system that accommodates changes in injection angle of the jets
was used with a power-law equation to collapse the trajectories to a single pro� le. Combining this correlation of
the jet centerline with the conservation equations of mass and momentum, an algebraic expression was derived to
estimate the mass entrained by de� ected jets. A jet with negative injection angles entrains the cross� ow � uid more
ef� ciently, leading to more rapid and compact mixing.

Nomenclature
A, B = trajectory constants
d = jet diameter
G = momentum ratio ( ÇmV / Çm j V j )
Çm = mass-� ow rate

r = square root of momentum ratio ( q j V 2
j / q 1 V 2

1 )1/ 2

s = streamline coordinate
u, v = jet velocity components in x and y direction
V = jet speed
X, Y = skewed coordinate system
x , y = orthogonal coordinate system
h = angle with respect to normal
q = density

Subscripts

j = jet-exit property
1 = cross� ow property

I. Introduction

J ET-IN-CROSSFLOW con� gurations can be found in many in-
dustrialapplications,such as burner technology,chemicalwaste

transport, and vertical/short takeoff and landingaerodynamics.1 Of-
ten many cases arisewhere enhancedmixing and entrainmentof � u-
ids is sought, such as in primary combustion and in gas reburning.2

The need to quantify the entrainmentand concentrationlevels of the
� owregimeis thusessentialfor properanalysisand for improvement
of mixing or combustion.3 For cases where the angle of injectionof
a fuel or a mixing medium into a cross� ow is not transverse, cor-
relative data and analytical relations predicting the trajectory and
resulting properties of the jet � ow are not readily available. Platten
and Keffer4 measured the velocity � eld to determine the jet trajec-
tory, but the square root of momentum ratio r was limited to eight.
Expressionsfor these inclinedjet propertiescouldprove to be useful
for manufacturing and design considerations,such as for determin-
ing an optimum angle to inject a fuel into a burner so that it entrains
a maximum amount of the reactant � uid.

The trajectory for the transverse jet in cross� ow has been well
researched and documented5– 7 compared to jets injected at other
than normal angles. They include the scalar5 , 6 and velocity � eld
measurements7 of jet in cross� ow both in nonreacting and react-
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ing cases. Pratte and Baines6 found that the transverse jet scales
remarkably well with the length scale rd. Their analysis found that
normalizing the spatial coordinates by this length scale rd enables
the centerline trajectories of jets with different velocity ratios to
collapse to the functional form

y

rd
= A

x

rd

B

where

r =
q j V 2

J

q 1 V 2
1

(1)

In Eq. (1) y is the distance from the jet exit in the original jet
direction, and x is the distance in the cross� ow direction. Experi-
mental values were found for the constants A and B by different
researchers,but were generallyaround 1.5–2.5 for A and 0.25–0.38
for B (Refs. 6–9). The difference in these values can be caused by
the jet-exit pro� le and con� gurations as well as the turbulence in
the cross� ow and tunnel dimensions.

The same general procedure can be used to analyze de� ected jet
� ows. Wu10 proposed a new coordinate system that can account for
the variation in injection angle and still be used with the functional
form Eq. (1) by skewing the Y axis so that it is aligned with the
initial jet velocity vector and aligning the X axis with the cross� ow
velocity vector (Fig. 1), or

Y = y /cos h , X = x ¡ y tan h (2)

Applying this coordinate system on data taken by Platten and
Keffer,4 Wu found that the trajectory can be collapsed to

Y / rd = A(X / rd)B (3)

This relationwas derivedby usingthepropernondimensionalization
and a momentum balance in a directionnormal to the jet direction.It
alsoassumesthat theangulardeviationfromthenormal injection h is
small, and therefore it is expected that the relation will not perform
well at large inclination angles. In the present work this skewed
coordinate system will be used to � nd the trajectory of de� ected
jets with various r values and injection angles, and an expression
will be derived for the mass entrainment as a function of r and h .
Its limitation and application will also be discussed.

II. Experimental Methods
A. Experimental Facilities

Nonreacting turbulent air jets were discharged into a large ver-
tical wind tunnel, and images were acquired for various injection
angles and velocity ratios.The tunnel test sectionwas rectangularin
shape, 54 £ 54 cm in width and 94 cm in length, and was powered
by a centrifugal blower (Fig. 2a). Wire mesh and honeycomb were
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Fig. 1 Transformed coordinate system suggested by Wu10 and control
volume used for entrainment analysis.

a)

b)

Fig. 2 Experimental setup showing the a) tunnel facility and b) Mie-scattering arrangement.

located at the inlet of the tunnel to ensure a uniform velocity pro-
� le throughout the test section. Further details of the tunnel facility
can be found in Smith.11 The jets were introduced to the � ow by
a 1

4
-in. (6.35-mm) tubing with inner diameter of 4.6 mm inserted

through the center of a removable aluminum disk. Disks were made
for injection angles of §15, §30, and §45 deg, where 0 deg is the
transverse case. The jet-exit tubing extended into the tunnel so that
it discharged outside the natural boundary layer. Thin cross-shaped
plates, each about an inch long, were inserted inside the tube more
than 50 jet diameters upstream of jet exit to eliminate the swirl of
the exit � ow after the bend in the � exible tubing. The air supply for
the jet was monitored and controlled with a � ow meter (Matheson
Model 605) and pressuregauge (Norgren;0–30-psi range), enabling
� ow rates to be easily set. The tunnel speed was set by adjusting
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the air damper far downstream of the test section, and the speed
was measured using PIV technique. The square roots of momen-
tum ratio, which is simply the velocity ratio in this case, tested for
each injection angle were 5, 10, and 20, correspondingto Reynolds
numbers of 2.6 £ 103 , 5.2 £ 103 , and 10.4 £ 103 , respectively.

Image data acquisition was made possible using Mie-scattering
� ow visualizationwith alumina (Al2O3 , 0.1-l m nominal diameter)
particle seedingof the jets (Fig. 2b). Particles along the center plane
of the jets were illuminated with a 250-l m thick laser sheet from a
pulsedsecondharmonicofNd:YAG laserwith apulsewidthof10ns,
pulse energy of 250 mJ, operating at 532 nm. Planar side-view im-
ages of the jets were acquiredusinga nonintensi�ed charge-coupled
device array (Kodak ES-1.0) with 1016 £ 1008 pixel resolution.
Timing of the camera with the laser was controlled with a four-
channel digital delay/pulse generator (Stanford Research Systems
DG-535), and output digital images were sent to a computer via an
AIA interface connectorand frame grabber board. One-hundred in-
stantaneous images were acquired for each jet con� guration at 7.35
frames per second, and an image-processingsoftware (MATLAB®)
was used later to obtain time-averaged pro� les for each ensemble.
Each imagewas subtractedby the background,butwas not corrected
for the laser sheet pro� le.

Fig. 3 Instantaneous images for r = 20 jets: Re = 10:4 £ £ 103 , ujet =
33 m/s, and ucross� ow = 1:65 m/s.

B. Experimental Uncertainties
Uncertainties in experiment can be summarized as 1) uncertain-

ties induced by the facility itself and 2) uncertaintiesin determining
the trajectory. First, the freestream velocity of the tunnel has about
5% maximum-to-minimumnonuniformity,which can lead to about
5% relativeuncertaintyin r value.Also, the extendedtube can cause
vortex shedding, which might affect the wake structure of the jet;
however,Su andMungal12 reportedthat the trajectoryof a transverse
jet with r = 5 was minimally affected by the extended tube and its
vortexstructure.From the similarityanalysisgivenby Hasselbrink,7

it is evident that the in� uence of the extended tube will be less for
higher r values. Therefore, we can neglect the in� uence of the ex-
tended tube for the purpose of trajectory determination.

Each pixel of the camera represented approximately a 300 £
300 l m region, and because the scale of the jet trajectory is al-
ways larger than the jet diameter (4.6 mm), the resolution was suf-
� cient to determine the trajectory from the image. Jet direction was
determined using a smooth curve (Bezier) on the averaged image
represented with color contours, and the maximum concentration
point was determined normal to this jet direction. It is possible that
the jet direction determined by this method can be different from
that determined by the velocity � eld and most likely is based on

Fig. 4 Time-averaged images for r = 20 jets: Re = 10:4 £ £ 103, ujet =
33 m/s, and ucross� ow = 1:65 m/s.
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the results of Ref. 7. Finally, the correlationcoef� cients of the least-
square � ttingswere higher that 0.95 for all of the r values examined.

III. Results and Discussion
A. Jet Structure

Sample instantaneous images for the r = 20 jets are shown in
Fig. 3, and the correspondingensemble-averagedimages are shown
in Fig. 4. Figures 5 and 6 show the instantaneous and ensemble-
averaged images for the r = 10 and 5 jets. General characteristics
of the jet structures can be observed. The negative-angled jets are
larger in size compared to the positive angled jets, increasing in
width as the jets are angled further into the cross� ow. Along with
this increase in dimensions, the gradual development of a wake
structure issuing from the jet exit is observed. In Fig. 3 the wake is
noticeable at an injection angle of ¡ 30 deg (Fig. 3d) and becomes
larger and more clearly de� ned at ¡ 45 deg (Fig. 3f). This formation
is also observed for the r =10 case at ¡ 45 deg but not as distinctly
at an angle of ¡ 30 deg. Therefore, it is suspected that this formation
couldbe dependenton not only r value, but on the angleof injection
h as well. Smith and Mungal5 found that the progressionof jet � uid
in the wake structure is r dependentfor the transversejet (h =0 deg)
with a uniform jet velocity pro� le.

Comparing the jets with different velocity ratios, we can observe
the large difference in the penetration depth of the jet � uid into the
cross� ow. Especially for the r =5 jets injected at negative angles
(Figs. 5b and 6b), the jet turns immediately after a short potential
core region, and its structure does not develop signi� cantly more
than positively oriented or vertical jets, which is contrary to the
r =10, 20 cases. The additional differences between the r = 5 case
and the r = 10, 20 cases will be discussed later.

In the present work a signi� cant and immediate escape of the jet
� uid into the wake structure is observedfor jets injected at negative
angles. This may be attributed to the experimental setup that uses a
long extruded tube, instead of a � ush convergent nozzle. Thus, the

Fig.5 Instantaneousimages for r = 10 and5 jets: a), c), and e) for r = 10,
Re = 5:2 £ £ 103 , ujet = 16:5 m/s, and ucross� ow = 1:65 m/s; b), d), and f) for
r = 5, Re = 2:6 £ £ 103 , ujet = 8:25 m/s, and ucross� ow = 1:65 m/s.

Fig. 6 Time-averaged images for r = 10 and 5 jets: a), c), and e) for
r = 10, Re = 5:2 £ £ 103, ujet = 16:5 m/s, and ucross� ow = 1:65 m/s; b), d),
and f) for r = 5, Re = 2:6 £ £ 103 , ujet = 8:25 m/s, and ucross� ow = 1:65 m/s.

jet-exit velocity pro� le, which will be a fully developed pipe � ow
distorted by the cross� ow, will likely contain portions where the
momentum is not high enough to penetrate the cross� ow. Other rea-
sons for the originof the jet � uid in the wake structureis discussedin
Smith and Mungal5 and are based on the jet/wake vorticity dynam-
ics; such factors may also be at play in the results presented here.

B. Jet Trajectory
The de� nition for the jet trajectory used in this paper is the same

as that used by Smith and Mungal5 as the locus of points in the
center plane where the maximum mean concentrationvalue occurs
in a line perpendicular to the local jet direction. This trajectory
can be different from the trajectory obtained by maximum local
velocity.13 , 14

Trajectories for the three velocity ratios studied are plotted in
Fig. 7. Trajectories are estimated by tracing the centerline path on
color contourplots of each ensemble-averagedjet image. The x and
y coordinates for each plot are normalized by the length scale rd
and are shown in a frame 3rd wide and 3.5rd high. The r =10
and 20 jets appear to be quite similar when plotted with this length
scale, suggesting that these de� ected jets can be scaled with rd like
the transverse jet. The r = 5 case does not seem to scale with the
r =10 and 20 jets, as has also been found to be the case by Smith
and Mungal.5

The correlation for centerline trajectories was found using linear
regression in log space and is plotted in the coordinate system pro-
posedby Wu10 in Fig. 8, for all of thevelocityratiosand injectionan-
gles. The coef� cients of Eq. (3) obtained from linear regression are
A =2.1 and B =0.29 with a correlation coef� cient of least-square
� tting of 0.953. These values are somewhat different from the re-
sult of Wu,10 who obtained A = 1.75 and B =0.38 by analyzing the
experimental data of Platten and Keffer.4 These differences can be
attributed partly to differences in the experimental setup and partly
to the measurement method. The jet used by Platten and Keffer4
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a)

b)

c)

Fig. 7 Centerline trajectories of de� ected turbulent jets in rd space.

originated from a nozzle � ush with a false inner wall, whereas the
jet used here is injected from a tube extended out from the wall.
Furthermore, in experimental approach the scalar � eld was mea-
sured in this work, and the velocity � eld was measured by Platten
and Keffer.4

C. Discussion
Figures 9a–9c show separateplots for the differentvelocity ratios

in order to highlight their differences. Compared to the r = 10, 20

Fig. 8 Correlation of trajectory data for all of the injection angles and
velocity ratios in X/(rd)–Y/(rd) coordinates.

cases, the r =5 caseseems to havea higherexponentat the near � eld
and asymptotes to a lower exponent (B » 0.2) in the far � eld. Smith
and Mungal4 have suggested that the presence of a low-pressure
region located behind the jet exit in� uences the trajectory at lower
velocity ratios, as well as interaction of the jet with the boundary
layer of the wall. In addition, the jet Reynolds number for the r = 5
case is only 2.6 £ 103 so that the turbulence may be insuf� ciently
developed compared to the other cases. It is possible that these
factors played a role in the current investigation,but it may also be
that the r = 5 jet is simply a fundamentallydifferent� ow regimeand
should be classi� ed separately,as suggestedby Smith and Mungal.4

Finally, we note that the coordinate transformation proposed by
Wu10 uses the approximation that cos h » 1 to eliminate h from the
correlation,which of course is only valid for small h . This limitation
is apparentfrom the scatterof the data for differentde� ectionangles
as shown in Figs. 7a–7c. This scatter is most noticeablefor the r = 5
case and large de� ection angles.

D. Mass Entrainment
Using the centerline trajectory information, Hasselbrink and

Mungal15 were able to derive a correlation to estimate the mass
entrained by the transverse jet, as well as the mean scalar concen-
tration and the velocity along the centerline, with good agreement
to experimental data. Their analysis is based on the fact that the
entrainment is the main mechanism that leads to the de� ection of
turbulent jet compared to pressure drag mechanism.16 In the anal-
ysis the entrainment was estimated by calculating the momentum
of the cross� ow � uid required to turn the � ow to the experimen-
tally determined trajectory and gave the following expression for
the mass entrainment:

Çm

Çm j
= 1 +

r

AB

q 1

q j

x

rd

1 ¡ B

(4)

Here the mass-� ow rate Çm is the sum of the initial jet mass-� ow rate
Çm j and the mass-� ow rate entrained from the cross� ow stream Çme .

Applying the same analysis as Ref. 15, the entrainment rate for
de� ected jets is similarly obtained.Mass and momentum conserva-
tion equations in Eqs. (5) have to be solved for the control volume
containing the jet, as shown in Fig. 1.

Mass:

Çm = Çm j + Çme (5a)

x momentum:

Çm j V j sin h + Çm eV1 = Çmu (5b)

y momentum:

Çm j V j cos h = Çmv (5c)

The resulting relation for the entrainment is given as

Çm

Çm j
= 1 +

V j

V1

dx

dy
cos h ¡ sin h (6)
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a)

b)

c)

Fig. 9 Correlation of trajectory data for different injection angles and
velocity ratios in X/(rd)–Y/(rd) coordinates.

The slope (dx /dy) in Eq. (6) can be obtained by differentiating
Eq. (3) with the relations (2) in it. The momentum ratio (G =
ÇmV / Çm j V j ) also can be derived as

G =
ds

dy
cos h (7)

Figure 10a shows the resulting entrainment along the jet center-
line for jets injected at various angles. Apparently, jets injected at
negative angles have higher entrainment, which can be expected
from the large spreading rate along the centerline shown in the
averaged images. Figure 10b shows the entrainment along the x di-
rection. The observationcan be made that the jet oriented upstream
is a faster and more compact mixer in the cross� ow direction when
compared to normally injected transverse jets. This can also be ob-

a)

b)

Fig. 10 Mass entrainment along the a) centerline of the jet and b)
cross� ow direction.

served in the instantaneousjet structures shown in Fig. 3. As the jet
injection angle varies from positive to negative values, we can ob-
serve the increasing engul� ng motion caused by the large structure
along the windward side of the jet, which implies higher entrain-
ment. Therefore, when the jet is used to mix � uids in a con� ned
cross� ow environment, such as gaseous fuel injection in a burner,
the jet oriented upstream will signi� cantly enhance the mixing ef-
� ciency. Applications of these ideas, as related to NOX predictions
in boiler � ows, can be found in Ref. 17.

Finally, the present study has dealt with the single uncon� ned jet
with oblique injection. For transverse injection con� nement effects
and the effects of multiple jets can be found in Ref. 18, but we are
unaware of similar results for obliquely injected jets.

IV. Conclusions
In this study the trajectoryof obliquely injected jets is determined

using Mie-scattering.A coordinate transformation is used to corre-
late the trajectorydata to a simple power law with a good agreement
for r =10 and 20 jets and lesser agreementfor r = 5. From the deter-
mined trajectory the entrainment rate can be estimated using mass
and momentum conservationequations.

Observation of the instantaneous and averaged images shows a
distinctly higher spreading rate for jets injected at negative angles.
Also, immediate escape of the jet � uid into the wake region is
clearly observed, which may be attributed to the low momentum
� uid caused by using a long, extruded tube con� guration instead of
a � ush convergent jet.
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